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Abstract
We study thermodynamic evaporation of Schwarzschild-de Sitter black holes
in terms of a low energy perturbation theory. A small black hole which is
far from the cosmological horizon and observers at the spacelike hypersurface
where black hole attraction and expansion of cosmological horizon balance
exactly are considered. In the low energy perturbation, scalar field equations
are solved in both regions of the hypersurface and scattering amplitudes are
derived. And then the desired thermal temperatures from the two horizons
are obtained as a “minimal” value of the statistical thermal temperature, and
the fine-tuning between amplitudes gives a relation of the two temperatures.
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I. INTRODUCTION
Recent phenomenological observations show that the expansion of our universe is accel-
erating [1], which implies that our universe will look like de Sitter(dS) spacetimes that have
energies dominated by a negative pressure such as cosmological constant or quintessence. A
model of black holes corresponding to this universe can be considered, which is described by
the Einstein-Hilbert action with a positive cosmological constant, and the static and neutral
solution in this system has been known as a Schwarzschild-de Sitter(SSdS) black hole. In
this family of black holes, the size of black hole varies from zero to its cosmological limitation
and then the spacetimes where we live are confined within the cosmological horizon.
Recently, Hawking et. al. have studied black holes with the cosmological horizon in Refs.
[2–4]. If the size of the black hole is much smaller than that of the cosmological horizon,
the radiation coming from the cosmological horizon is negligible compared to that from the
black hole horizon, and the effective radiation experienced by observers is similar to the
case of Schwarzschild(SS) black holes since the thermal temperature from black hole horizon
TBH is greater than that from cosmological horizon TDS. So the black hole will radiate more
than what it receives, and there exists an energy transfer from the black hole horizon rh to
the cosmological horizon rc. Finally, the black hole horizon becomes to shrink completely
while the cosmological horizon grows faster until the black hole disappears to evaporate out.
Furthermore, the thermodynamic instability for this case has been investigated in Ref. [5].
For the black hole which grows up to the same size of the cosmological horizon, the radiation
coming from cosmological horizon equals to the black hole radiation, and it will be in the
thermal equilibrium. For the nearly degenerate case, if the black hole horizon is shrunk from
its equilibrium value, the size of black hole increases by “anti-evaporation” while the black
hole evaporates when we choose a different type of initial perturbations which corresponds
to a kind of “push” in the radiation bath.
On the other hand, it would be interesting to study scattering amplitudes of the scalar
field on the SSdS black hole background since the greybody factor or the decay rate is
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closely related to the thermal temperature of black holes. Some studies on these quantities
in terms of the low energy perturbation method have been done for the four-dimensional
Kerr-Newman(KN) black holes [6,7] and the Kerr-Newman-de Sitter(KN-dS) black hole
without considering observers [8].
In this paper, we shall study on the scattering amplitudes of the massive scalar field on
the SSdS black hole background by using the low energy perturbation theory. We consider
a small black hole whose size is much smaller than that of the cosmological horizon and
assume that the energy of probing fields ω, is negligible compared to the inverse of each
horizon. In this configuration, the whole spacetimes can be approximately divided by two
parts - SS black hole and dS spacetimes, and then the massive scalar field equation is
easily solved on each background. Finally, the scattering problem in SSdS background
can be solved by matching coefficients between asymptotic and near horizon solutions, and
defining reflection coefficients. In addition, the temperatures from the two horizons can be
obtained as “minimal” values of statistical thermal temperatures derived from the reflection
coefficients. In Sec. II, we present a model of Einstein-Hilbert action with the negative
cosmological constant, which shows two characteristic properties - SS black hole and dS
spacetimes, and set up the static configuration of this model. Section III and IV contain
the specific calculation of low energy perturbation in the attraction dominant region and
the expansion dominant region. As a result, the expected thermal temperatures at both
regions are obtained by using the appropriate boundary condition and coefficient matching
procedure. In Sec. V, some discussions on the fine-tuning of amplitudes between different
two regions and thermodynamic behaviors of non-degenerate and degenerate cases are briefly
presented.
II. MODEL SETUP
We start with a four-dimensional Einstein-Hilbert action with a cosmological constant
Λ > 0, which is given by
3
S
(Λ)
EH =
1
16piG
∫
d4x
√−g (R− Λ) , (1)
where G is a gravitational constant and we set G = 1. From Eq. (1), the neutral and static
solution for the spherically symmetric Einstein equation is described by the SSdS black hole
metric
(ds)2 = −U(r)dt2 + U(r)−1dr2 + r2dΩ2(2), (2)
where
U(r) = 1− 2M
r
− Λ
3
r2, (3)
and Ω2(2) is a unit line element of two-sphere, and M is a black hole mass. Note that two
horizons rh and rc (rh < rc) are only possible for 0 < M < (3
√
Λ)−1. In this spacetime,
there exits a two-spherical hypersurface where the gravitational attraction and cosmological
expansion balance out exactly, so a geodesic orbit is defined as the position where observers
need no acceleration in order to stay. From Eq. (2), the geodesic orbit is located at rg =
(3MΛ−1)1/3 with a normalized Killing vector at this hypersurface. Note that it is similar to
the case of an observer who lives at infinity for the SS black hole.
We can divide our whole spacetimes into specific four regions as shown in the Fig. (1).
With the assumption of rh << rg << rc, as r goes to the black hole horizon rh, the SS black
hole metric is prominent in the attraction dominant region (region (I) and (II)) in as
U(r) ≈ 1− 2M
r
, (4)
while if we are in the expansion dominant region (region (III) and (IV)) which is accom-
plished by r → rc >> rg, the metric (3) behaves as like a dS metric
U(r) ≈ 1− Λ
3
r2. (5)
Note that the metric element (3) is a patch of Eqs. (4) and (5) at the geodesic orbit rg
but this picture is only valid for rh << rg << rc. For each region, a field equation can
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FIG. 1. Configuration of Schwarzschild-de Sitter black holes: Observers are located at the
two-spherical spacelike hypersurface where cosmological expansion and black hole attraction balance
out exactly so that there is no acceleration on this hypersurface as like observers at Minkowski
spacetimes, and as for a thermal radiation, observers will experience thermal temperatures TBH
and TDS coming from two horizons.
be solved and the corresponding amplitudes of solutions between the four regions will be
matched exactly. Then we define a reflection coefficient as a ratio between ingoing and
outgoing fluxes in region (II) and region (III), and finally obtain the scattering amplitudes
and thermal temperatures coming from these two horizons.
The dynamical behavior of a massive scalar field under the background (2) is described
by
(
✷−m2
)
Ψ(t, r, θ, φ) = 0. (6)
Using the separation of variables, Ψ(t, r, θ, φ) = e−iωtR(r)Θ(θ)eiµφ, the field equation (6)
becomes
1
r2
∂r
(
r2U(r)∂rR(r)
)
+
(
ω2
U(r)
− ν(ν + 1)
r2
−m2
)
R(r) = 0, (7)
1
sin θ
∂θ (sin θ∂θΘ(θ))− µ
2
sin2 θ
Θ(θ) = −ν(ν + 1)Θ(θ), (8)
where ν is an angular mode.
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III. LOW ENERGY PERTURBATION IN THE BLACK HOLE REGION
A. Solution near the black holes(Region (I) and (II))
At first, let us consider the field equation (7) in the near black hole horizon region(Region
(I) in Fig. (1)). As r goes to rh, the metric (2) becomes to be a SS metric, U(r) ≈ (1−2M/r).
So the equation of motion (7) can be written as
(
1− rh
r
)
∂2rR(r) +
(
2
r
− rh
r2
)
∂rR(r) +

 ω2(
1− rh
r
) − ν(ν + 1)
r2
−m2

R(r) = 0, (9)
where the horizon rh ≈ 2M as r → rh. Taking a coordinate transformation such as z =
(r − rh)/r, where z spans from 0 to 1 as r goes from rh to rg, where we assumed that
rh << rg, the radial equation becomes
z(1− z)∂2zR(z) + (1− z)∂zR(z) +
(
ω2r2h
z
− ν(ν + 1)
1− z −m
2r2h
)
R(z) = 0. (10)
Using R(z) = zα(1− z)βg(z) in order to remove two singular points at z = 0 and z = 1, Eq.
(10) is written as
z(1 − z)∂2zg(z) + (1 + 2α− (1 + 2α+ 2β)z)∂zg(z)
+
1
z
(α2 + ω2r2h)g(z) +
1
1− z (β
2 − β − ν(ν + 1))g(z)− ((α + β)2 +m2r2h)g(z) = 0, (11)
and we have α = ±iωrh and β = ν + 1. Then Eq. (11) becomes
z(1 − z)∂2zg(z) + (1 + 2α− (1 + 2α + 2β)z)∂zg(z)− ((α+ β)2 +m2r2h)g(z) = 0. (12)
Note that we take the plus signature of α since the solution will be symmetric for changing
α into −α. The solution of Eq. (12) is given as
R(I)(r) = Coutz
α(1− z)βF (α− + β, α+ + β, 1 + 2α; z)
+Cinz
−α(1− z)βF (−α+ + β,−α− + β, 1− 2α; z), (13)
where α± = α± imrh = i(ω ±m)rh and Cin and Cout are ingoing and outgoing coefficients,
respectively.
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Next, from the solution (13), we shall use a z → 1− z transformation [9],
F (a, b; a+ b− l; z) = Γ(l)Γ(a+ b− l)
Γ(a)Γ(b)
(1− z)−l
l−1∑
n=0
(a− l)n(b− l)n
n!(1− l)n (1− z)
n
− (−1)
lΓ(a+ b− l)
Γ(a− l)Γ(b− l)
∞∑
n=0
(a)n(b)n
n!(n+ l)!
(1− z)n
× [ln(1− z)− ψ(n+ 1)− ψ(n+ l + 1) + ψ(a + n) + ψ(b+ n)] , (14)
where ψ(z) is a digamma function and a = ±α∓ + β, b = ±α± + β, and l = 2ν + 1 in our
case. As z → 1, for the lowest order of n, the solution (13) is transformed to the region (II)
by using Eq. (14) as
Rz→1(r) =
[
Cout
Γ(2β − 1)Γ(1 + 2α)
Γ(α− + β)Γ(α+ + β)
+ Cin
Γ(2β − 1)Γ(1− 2α)
Γ(−α+ + β)Γ(−α− + β)
] (
rh
r
)1−β
+
[
Cout
Doutν Γ(1 + 2α)
Γ(1 + α− − β)Γ(1 + α+ − β) + Cin
Dinν Γ(1− 2α)
Γ(1− α+ − β)Γ(1− α− − β)
] (
rh
r
)β
, (15)
where Dinν = −ψ(1) − ψ(2β) + ψ(−α+ + β) + ψ(−α− + β) = D∗outν and note that Eq. (15)
is symmetric for changing β into 1− β.
B. Asymptotic solution at Region (II)
We now consider the asymptotic limit of r → rg >> rh which describes the region (II)
in Fig. (1). In this limit, the field equation (9) becomes
∂2rR(r) +
2
r
∂rR(r) +
(
p2 − ν(ν + 1)
r2
)
R(r) = 0, (16)
where p =
√
ω2 −m2, and the solution is given as Bessel functions,
R(z)rg (r) =
B1√
r
J− 1
2
(1−2β)(pr) +
B2√
r
J 1
2
(1−2β)(pr), (17)
where B1 and B2 are amplitudes of the solution. The solution (17) can be expanded by
keeping the lowest leading order of r and defining new coefficients Bin and Bout as
B1 = Bin +Bout
B2 = i(Bin − Bout), (18)
7
in order to separate wave modes into in-and out-going parts, the solution is written as
R(z)rg (r) = Bin
(
Ω
(+)
β
1
r1−β
+ iΩ
(−)
β
1
rβ
)
+Bout
(
Ω
(+)
β
1
r1−β
− iΩ(−)β
1
rβ
)
, (19)
where Ω
(+)
β ≡
(
1
2
p
)− 1
2
(1−2β)
/Γ
(
1
2
+ β
)
and Ω
(−)
β ≡
(
1
2
p
) 1
2
(1−2β)
/Γ
(
3
2
− β
)
. Note that
Ω
(±)∗
β = Ω
(±)
β and Ω
(+)
β Ω
(−)
β is explicitly calculated as (Ω
(+)
β Ω
(−)
β ) =
2 cos βpi
pi(1−2β)
= 2(−1)
β
pi(1−2β)
.
C. Matching process and temperature
As easily seen from Eqs. (15) and (19), by matching these solutions, we obtain the
following relations,
Bin =
1
2

r1−βh
Ω
(+)
β
(
Cin
Γ(2β − 1)Γ(1− 2α)
Γ(−α+ + β)Γ(−α− + β) + Cout
Γ(2β − 1)Γ(1 + 2α)
Γ(α− + β)Γ(α+ + β)
)
− i r
β
h
Ω
(−)
β
(
Cin
Γ(1− 2α)Dinν
Γ(1− α+ − β)Γ(1− α− − β) + Cout
Γ(1 + 2α)Doutν
Γ(1 + α+ − β)Γ(1 + α− − β)
) ,
Bout =
1
2

r1−βh
Ω
(+)
β
(
Cin
Γ(2β − 1)Γ(1− 2α)
Γ(−α+ + β)Γ(−α− + β) + Cout
Γ(2β − 1)Γ(1 + 2α)
Γ(α− + β)Γ(α+ + β)
)
+ i
rβh
Ω
(−)
β
(
Cin
Γ(1− 2α)Dinν
Γ(1− α+ − β)Γ(1− α− − β) + Cout
Γ(1 + 2α)Doutν
Γ(1 + α+ − β)Γ(1 + α− − β)
) . (20)
At this stage, we impose a boundary condition Cout = 0, which implies that there are
no outgoing modes of scalar fields since all modes of fields are absorbed into the black hole
horizon. Defining a flux as
F = 2pi
i
U(r) (R∗(r)∂rR(r)− R(r)∂rR∗(r)) , (21)
we obtain them near the geodesic orbit rg as
Foutrg = −8|Bout|2(−1)βr−2g ,
F inrg = 8|Bin|2(−1)βr−2g . (22)
The reflection coefficient near the geodesic orbit rg is defined as a ratio between ingoing and
outgoing fluxes, and consequently it gives
8
RBH =
∣∣∣∣∣
F inrg
Foutrg
∣∣∣∣∣
2
=
∣∣∣∣ BinBout
∣∣∣∣
2
. (23)
Furthermore, statistical-thermodynamic temperature is defined as a vacuum expectation
value of a number operator N and it is related to the reflection coefficient [10,11],
< 0|N |0 >= 1
eω/Tstat − 1 =
RBH
1−RBH . (24)
Therefore, we have a thermal temperature of black holes,
Tstat = − ω
lnRBH . (25)
From Eq. (20) with the boundary condition Cout = 0, the logarithm term in Eq. (25)
becomes
lnRBH = ln
(
1− iξ
1 + iξ
)
= −2iξ +O(ξ2), (26)
where
ξ ≡ 1
2pi
rh(−1)β+1Γ(2β) sinpiα+ sin piα−(Dinν −D∗inν )
×

 r2−2βh (12p)1−2βΓ2
(
β + 1
2
)
Γ2(2β − 1)
Γ(α+ + β)Γ(−α+ + β)Γ(α− + β)Γ(−α− + β)
+
r2βh (
1
2
p)2β−1Γ2
(
3
2
− β
)
|Dinν |2
Γ(1 + α+ − β)Γ(1 + α− − β)Γ(1− α+ − β)Γ(1− α− − β)


−1
. (27)
For simplicity, considering the main contribution of s-modes(vanishing angular potential)
when β = 1 as shown in Ref. [7,12], Eq. (27) is simplified as ξ = −pi2iωrh/3 by using the
Schwarz’s inequality. So, we obtain the “minimal” thermal temperature,
Tminstat = TBH =
1
2pirh
(
3
pi
)
≈ 1
2pirh
, (28)
where it agrees with the well-known Hawking temperature for the SS black hole. Therefore,
we have shown that the desired Hawking temperature can be reproduced as a “minimal”
statistical temperature in attraction dominant region (Region (I) and (II)).
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IV. LOW ENERGY PERTURBATION IN THE DE-SITTER REGION
A. Solution near the de Sitter Spacetimes (Region (III) and (IV))
Now we study the solution in the expansion dominant region (region (III) and (IV)). As
r → rc, Eq. (7) becomes
(
r2c − r2
)
∂2rR(r) +
(
2
r
− 4r
r2c
)
∂rR(r) +
(
ω2r2c
(r2c − r2)
− ν(ν + 1)
r2
−m2
)
R(r) = 0, (29)
where rc is nearly (3Λ
−1)1/2 as r goes to rc. By choosing a coordinate as y = 1−r2/r2c where
y spans from 0 to 1, the radial equation (29) is written as
y(1− y)∂2yR(y) +
1
2
(2− 5y)∂yR(y) +
(
ω2r2c
4y
− ν(ν + 1)
4(1− y) −
m2r2c
4
)
R(y) = 0. (30)
Singular points at y = 0 and y = 1 can be eliminated by choosing R(y) = yα˜(1 − y)β˜u(y),
and Eq. (30) is written as
y(1− y)∂2yu(y) +
(
1 + 2α˜− 1
2
(
4α˜+ 4β˜ + 5
)
y
)
∂yu(y)
+
1
y
(
α˜2 +
ω2r2c
4
)
u(y) +
1
1− y
(
β˜2 +
β˜
2
− ν(ν + 1)
4
)
−
[
(α˜ + β˜)(α˜+ β˜ +
3
2
) +
m2r2c
4
]
u(y) = 0. (31)
Determining α˜ = iωrc/2 and β˜ = ν/2 = −(1 − β)/2, Eq. (31) becomes
y(1− y)∂2yu(y) +
(
1 + 2α˜− 1
2
(
4α˜+ 4β˜ + 5
)
y
)
∂yu(y)
−
[
(α˜ + β˜)(α˜+ β˜ +
3
2
) +
m2r2c
4
]
u(y) = 0. (32)
By defining γ± ≡ (3±
√
9− 4m2r2c )/4, the solution is given as
R(y) = Ainy
α˜(1− y)β˜F (γ− + α˜ + β˜, γ+ + α˜ + β˜, 1 + 2α˜; y)
+Aouty
−α˜(1− y)β˜F (γ− − α˜ + β˜, γ+ − α˜ + β˜, 1− 2α˜; y), (33)
where γ+ + γ− = 3/2. Note that the solution (33) follows a z → 1− z transformation given
by
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F (a, b, c; z) =
Γ(a)Γ(c− a− b)
Γ(c− a)Γ(c− b)F (a, b, a+ b− c+ 1; 1− z)
+ (1− z)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
F (c− a, c− b, c− a− b+ 1; 1− z). (34)
Therefore, for the limit of y → 1 (r → rg << rc), we obtain the solution in region (III) of
Eq.(33),
Ry→1(r)
=

 AinΓ(1 + 2α˜)Γ
(
−2β˜ − 1
2
)
Γ(1 + α˜− β˜ − γ−)Γ(1 + α˜− β˜ − γ+)
+
AoutΓ(1− 2α˜)Γ
(
−2β˜ − 1
2
)
Γ(1− α˜− β˜ − γ−)Γ(1− α˜− β˜ − γ+)

(rc
r
)1−β
+

 AinΓ(1 + 2α˜)Γ
(
2β˜ + 1
2
)
Γ(α˜ + β˜ + γ−)Γ(α˜ + β˜ + γ+)
+
AoutΓ(1− 2α˜)Γ
(
2β˜ + 1
2
)
Γ(−α˜ + β˜ + γ−)Γ(−α˜ + β˜ + γ+)

(rc
r
)β
. (35)
B. Asymptotic solution at region (III)
On the other hand, for the asymptotic limit r → rg, the equation of motion (32) can be
written as the same form with Eq. (16) and the solution is given by Bessel functions with
different amplitudes, D1 and D2,
R(y)rg (r) =
D1√
r
J− 1
2
(1−2β)(pr) +
D2√
r
J 1
2
(1−2β)(pr), (36)
where p =
√
ω2 −m2 and β = ν + 1. In the same way for the previous calculation, by
defining new coefficients Din and Dout as
D1 = Din +Dout
D2 = i(Din −Dout), (37)
the solution (36) can be written as
R(y)rg (r) = Din
(
Ω
(+)
β
1
r1−β
+ iΩ
(−)
β
1
rβ
)
+Dout
(
Ω
(+)
β
1
r1−β
− iΩ(−)β
1
rβ
)
. (38)
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C. Matching process and temperature
Comparing Eq. (35) with Eq. (38) to perform a coefficient match, we obtain the relations
between coefficients at region (III) and (IV),
Din =
1
2Ω
(+)
β

 Ainrβ−1c Γ(1 + 2α˜)Γ(−2β˜ − 12)
Γ(1 + α˜− β˜ − γ−)Γ(1 + α˜− β˜ − γ+)
+
Aoutr
β−1
c Γ(1− 2α˜)Γ(−2β˜ − 12)
Γ(1− α˜− β˜ − γ−)Γ(1− α˜− β˜ − γ+)


− i 1
2Ω
(−)
β

 Ainr−βc Γ(1 + 2α˜)Γ(2β˜ + 12)
Γ(α˜ + β˜ + γ−)Γ(α˜ + β˜ + γ+)
+
Aoutr
−β
c Γ(1− 2α˜)Γ(2β˜ + 12)
Γ(−α˜ + β˜ + γ−)Γ(−α˜ + β˜ + γ+)


Dout =
1
2Ω
(+)
β

 Ainrβ−1c Γ(1 + 2α˜)Γ(−2β˜ − 12)
Γ(1 + α˜− β˜ − γ−)Γ(1 + α˜− β˜ − γ+)
+
Aoutr
β−1
c Γ(1− 2α˜)Γ(−2β˜ − 12)
Γ(1− α˜− β˜ − γ−)Γ(1− α˜− β˜ − γ+)


+ i
1
2Ω
(−)
β

 Ainr−βc Γ(1 + 2α˜)Γ(2β˜ + 12)
Γ(α˜ + β˜ + γ−)Γ(α˜ + β˜ + γ+)
+
Aoutr
−β
c Γ(1− 2α˜)Γ(2β˜ + 12)
Γ(−α˜ + β˜ + γ−)Γ(−α˜ + β˜ + γ+)

 . (39)
Now we impose a boundary condition Aout = 0, which means that there are no wave
modes falling into the cosmological horizon, and we define a reflection coefficient at the
geodesic orbit rg as
RDS =
∣∣∣∣∣F˜outF˜in
∣∣∣∣∣ =
∣∣∣∣DoutDin
∣∣∣∣
2
, (40)
where the ingoing and outgoing fluxes at rg are obtained by the definition (21),
F˜ inrg = 8|Din|2(−1)βr−2g
F˜outrg = −8|Dout|2(−1)βr−2g . (41)
With the help of Eq. (39), the reflection coefficient (40) is written as
RDS = 1 + iξ˜
1− iξ˜ , (42)
where
ξ˜ ≡ rc sin 2α˜pi sin2 piβ
2
×
(
pi2r2(1−β)c (
1
2
p)1−2β
Γ(1− α˜− β˜ − γ−)Γ(1 + α˜− β˜ − γ−)Γ(1− α˜− β˜ − γ+)Γ(1 + α˜− β˜ − γ+)
+
r2βc pi
2(1
2
p)−(1−2β)
Γ(γ− − α˜ + β˜)Γ(γ− + α˜ + β˜)Γ(γ+ − α˜+ β˜)Γ(γ+ + α˜+ β˜)
)−1
. (43)
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By using the relations β˜ = −(1 − β)/2 and Γ(s)Γ(1 − s) = pi/sin pis, and the thermal
temperature is given as,
Tstat = − ω
lnRDS ≈ −
ω
2iξ˜
(44)
in a leading order of ω. To be explicit, for ν = 0, i.e. β˜ = 0, Eq. (43) is simplified as
ξ˜ =
sin 2piα˜√
cos2 pi(γ+ − γ−)− sin2 2piα˜
. (45)
Expanding Eq. (45) in a low energy limit, ξ˜ = 2piα˜+O(m2, α˜2) and the “minimal” thermal
temperature can be obtained as
Tminstat = TDS ≈
1
2pirc
, (46)
which agrees with the thermal temperature of the dS spacetimes.
V. DISCUSSIONS
In summary, we have studied the scattering problem of the massive scalar field on the
SSdS background by assuming the low energy of the probing field. For the small static SSdS
black hole, the whole spacetimes can be considered as a patch of two different regions (SS
black hole and dS spacetimes) and the geodesic orbit where the black hole attraction and
cosmic expansion balance out is introduced. Using the low energy approximation, the corre-
sponding statistical temperatures from two horizons are derived, and it is interesting to note
that the minimal bounds of these temperatures are equivalent to the thermal temperatures
obtained from the metric.
As a comment, we should perform a fine-tuning process between the wave functions at
the region (II) and (III) in Sec. II. The wave functions of the massive scalar field should
be connected smoothly at the geodesic orbit since it is regarded as a continuous function
in the whole regions. Therefore, from Eqs. (19) and (38), we define Bin ≡ NinDin and
Bout ≡ NoutDout, respectively, where Nin and Nout are proportional constants. And then,
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Eqs. (23) and (40) produce a relation RDSRBH = |Q|−2 by defining |Q|2 = |Nin|2/|Nout|2
and it determines,
|Q|2 = eω(T−1BH+T−1DS), (47)
which is a fine-tuning for mismatched wave functions at the geodesic orbit and it correlates
the cosmological horizon rc with the black hole horizon rh. By means of this final coefficient-
tuning, the wave functions of probing fields are continuous and connected smoothly in the
whole area.
Now let us discuss about the qualitative behaviors of non-degenerate and nearly degen-
erate cases of SSdS black holes. As mentioned above, our whole calculations have been done
by assuming that the black hole horizon size is much smaller than that of the cosmologi-
cal horizon, which describes a small SSdS black hole. Since the black hole will be hotter
than the cosmological horizon, the one will evaporate faster than the other, and the black
hole horizon will disappear at the end of evaporation. And then the SSdS spacetimes may
become the pure dS spacetimes at the end of the evaporation. At this stage, one may ask
a question : “After evaporation at final stage, is it really possible to transit from the SSdS
spacetimes to the dS ones?” In fact, to answer this question explicitly, one should study this
model with the gravitational back reaction by using the time evolution of the small SSdS
black hole, however we do not discuss anymore because of complexity of this analysis.
On the other hand, we naturally consider the degenerate case of horizons that the black
hole horizon is equal to the cosmological horizon. In this case, we expect that the black hole
will be in the thermal equilibrium state since the black hole and cosmological horizons have
the same surface gravity. Therefore, when the black hole horizon (rh) approaches to the
cosmological horizon (rc), the two S
2 hypersufaces (rh and rc) meet each other in a hyper-
surface (rg), and this is somewhat trivial to discuss. To investigate the small perturbation
from the thermal equilibrium, we can consider the nearly degenerate case whose metric is
given by
(ds)2 = − 1√
Λ
(
1 +
2
3
δcosR
)
sin2Rd2T +
1
Λ
(
1− 2
3
δcosR
)
d2R +
1
Λ
(1− 2δcos) d2Ω(2) (48)
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with defining new time and radial coordinates T and R by
t =
1
δ
√
Λ
T,
r =
1√
Λ
(
1− δcosR− 1
6
δ2
)
, (49)
and 9M2Λ = 1 − 3δ2, where 0 ≤ δ ≤ 1. And the temperatures from two horizons are given
by Ref. [2]
Th,c =
1
2pi
√
Λ
(
1± 2
3
δ
)
+O(δ2), (50)
where the upper (lower) sign is for the black hole (cosmological) horizon. Note that if δ goes
to zero, Eq. (50) describes the degenerate temperature characterized by only a cosmological
constant Λ, and the instability of the nearly degenerate SSdS black hole has been studied
by adding the one loop quantum correction terms [3]. As a further work, if the scattering
problem in the nearly degenerate SSdS black hole background is solved by use of the low
energy perturbation method, the results of both temperatures will be compatible with Eq.
(50).
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